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Summary
We present an illustrative example of an inverse limit spae and a shift map assoiated
with an F2n unimodal mapping onsisting of two hyperbolae. Topologially, in ase n = 0
the limit spae is an interval, in ase n = 1, 2, it is a sin 1
x
-ontinuum, and in ase n = 3
it is a ertain ontinuum endowed with a spei geometrial beauty. The dynamis of the
shift map is also desribed.
The artile is motivated by the reent disovery [13℄, [14℄ that inverse limit strutures
play fundamental role in rossed-produts of C∗-algebras, and hene this paper is possibly
of interest not only to topologists or dynamiists but also to operator algebraists.
1. Introdution
Inverse limit
1
spaes reeived muh attention by topologists and dynamiists for its
appliation in ontinuum theory [1℄, [2℄, [3℄, hyperboli attrators [4℄, [5℄, [6℄, [7℄,
and reently substitution tilings [8℄. Usually, the advantage of the inverse limits is
that they redue investigation of 'large' topologially ompliated objets to muh
'smaller' and onsequently nier ones. Thus in this approah the inverse limit spaes
are initial objets. However, the quite opposite way of thinking proved also to be
useful for instane in the theory of wavelets and martingales [9℄, and in rossed
produts of C∗-algebras (see setion 6. for a brief survey on this ontext) where
the inverse limit system (whih is always reversible) helps to understand the initial
irreversible system.
Apart from the onstant interest on the subjet and many beautiful results,
inverse limit spaes still seem to be abstrat and not ompletely aessible. There
are not many examples of the expliitly alulated inverse limit spaes and their
1
another name for inverse limit is projetive limit
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shift maps in the literature. The model examples are Knaster ontinua and n-adi
solenoids, see [1℄, [2℄, [11℄.
The aim of the present paper is to provide an example whih would austom
even non-speialists to inverse limits, and whih would give the opportunity to see
(literally) how the topology of inverse limit spae and dynamis of the shift map
depend on the dynamis of the initial map.
The paper is organized as follows. In Setion 2 we reall the denition of an
inverse limit spae X˜ and its shift map f˜ indued by a single bonding map f :
X → X , we introdue the lass of bonding maps whih we divide (depending on the
omplexity of dynamis) into the following sublasses 1), 2) 3a) and 3b); then we
briey present the main results. Setion 3 presents the methods we used to ahieve
the goal while Setions 4 and 5 ontain detailed proves and results for ases 1), 2)
and 3a), 3b) respetively. Lastly, in Setion 6 we introdue the interpretation of the
inverse limit system (X˜, f˜) in terms of C∗-algebras and explain their appliations to
rossed-produts.
2. The basi objet of the paper and the main result
Let X be a ompat topologial spae and f : X → X a ontinuous surjetive but
noninjetive mapping. Then (X, f) is a typial irreversible topologial dynamial
system and there is a natural way of onstruting an extended reversible dynamial
system that is a pair (X˜, f˜) where X˜ is ompat, f˜ is a homeomorphism, and there
exists a ontinuous surjetive mapping Φ : X˜ → X suh that the following diagram
ommutes
(1)
X˜
f˜
−→ X˜
Φ ↓ ↓ Φ
X
f
−→ X,
hene (X, f) is a fator of (X˜, f˜). It is enough to take X˜ to be the inverse limit
of the inverse sequene X
f
←− X
f
←− ..., and f˜ to be the mapping indued by f .
Namely,
(2) X˜ = {(x0, x1, ...) ∈ X
N : f(xn+1) = xn, n ∈ N}
(we adhere to the onvention that natural numbers starts from zero) is equipped
with the topology inherited from the produt spae XN, and f˜ ats as follows
(3) f˜(x0, x1, x2, ...) = (f(x0), x0, x1, ...), for (x0, x1, ...) ∈ X˜.
The fator map Φ : X˜ → X is then given by
Φ(x0, x1, x2, ...) = x0.
We shall all the pair (X˜, f˜), onstruted in the above manner, a reversible extension
of (X, f), f. [14℄.
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It is lear that in order to obtain a relatively nie representation of an inverse limit
spae X˜ (a rather ompliated objet) an initial system (X, f) should be relatively
simple. Our hoie of (X, f) was ditated by the following requirements:
1) The dynamis should be low-dimensional
2) Mapping f should be piee-wise monotone
3) The dynamial system should not be too haoti
Aording to 1) and 2) we hoose X to be an interval [0, 1], and f to be a unimodal
mapping, that is a piee-wise monotone mapping possessing one extremum.
Aording to 3) we impose on f the ondition to have nitely many periodi
points. Then by Sharkovsky's theorem (see, for instane, [11℄) there exist N ∈ N
suh that Fix(f2
N
) = Fix(f2
N+1
) where Fix(g) denotes the set of xed points of
mapping g. Let us reall that f is said to be F2N if N is the smallest number with
the above desribed property.
As even non-experts nowadays know, see [15℄, already suh a simple mapping as
quadrati one may ause haos. Hene the third requirement makes our hoie not
an easy task. However, the paper of A.Bondarenko and S. Popovyh [10℄ help us
out. We borrow an appropriate mapping from them.
A.Bondarenko and S. Popovyh redued investigation of a ontinuous unimodal
map f : [0, 1]→ [0, 1] of the form:
f(x) =


f0(x) =
α1x+ β1
γ1x+ δ1
, x ∈ [0, ρ],
f1(x) =
α2x+ β2
γ2x+ δ2
, x ∈ (ρ, 1],
to the investigation of maps of two types, and here we restrit ourselves to mappings
only of type 1, see [10℄. Namely we assume that f has the following form (see Fig. 1):
(4) f(x) =


f0(x) =
αx − αρ
γx+ δ
, x ∈ [0, ρ],
f1(x) =
x− ρ
1− ρ
, x ∈ (ρ, 1],
where parameters ρ, δ, γ, α range through all real numbers satisfying the relations
0 < ρ < 1, 0 < δ, −
δ
ρ
< γ, −
δ
ρ
< α < 0.
We denote by ω0 a xed point in [0, ρ) and dene ρ1 as f0(0) (see Fig. 1).
The goal of the present paper is a desription of a reversible extension (X˜, f˜)
of a dynamial system (X, f) where X = [0, 1] and f is an F2n mapping given by
(4). We shall obtain it with help of the following lemma borrowed from [10℄, see [10,
Lemma1℄.
Lemma 1. Let (X, f) be F2n dynamial system. Then n ≤ 2 and only following
ases are possible:
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1. If ρ > ρ1, then n = 0, ω0 is attrative and there are no yles of larger periods.
2. If ρ = ρ1, then n = 1, the left hyperbola is symmetri with respet to diagonal.
Therefore eah point of [0, ρ] \ {ω0} has period two.
3. If ρ < ρ1, then ω0 is repellent and either
a) n = 1, there exists an attrative yle of period two and there are no yles
of larger periods, or
b) n = 2, there exist two intervals of periodi points suh that the middle
points of those intervals have period two and other points have period four and
no yles of larger periods exist.
0 ρ 1
ρ1
ω0
1
Fig. 1.
The desription of (X˜, f˜) depends on (X, f). If (X, f) falls into ase 1, 2, 3a),
or 3b) from the above lemma, then (X˜, f˜) is desribed in Theorem 2., 3., 4., or 5.
respetively. While viewing these results one may nd it natural that the indued
mapping f˜ depends on the number and harater of periodi points of f , that means
the homeomorphism f˜ is basially dierent in ases 1, 2, 3a), 3b). However, one may
also nd it interesting that the inverse limit spae X˜ depends only on the number
n, and if (X, f) is F2n , then X˜ an be embedded into Rn+1, so n ours here as
'a dimension' of X˜. The reader familiar with the subjet will reognize the typial
ar+ray subontinua [3℄. Namely, Theorems 2, 3, 4, 5 imply
Theorem 1. Let (X, f) be as in the preeding lemma. Then depending on n, the
inverse limit spae X˜ an be onsidered as the following subspae of Rn+1:
1) For n = 0, X˜ is an ar, X˜ = [0, 1].
2) For n = 1, X˜ is the one sided ar+ray ontinuum, see Figs 3, 7, i.e. it is the
losure of the graph of an osillating funtion:
X˜ = {0} × [−1, 1]︸ ︷︷ ︸
arc
∪
{
(x, sin
1
x
) : x ∈ (0, 1]
}
︸ ︷︷ ︸
ray
.
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3) For n = 2, X˜ onsists of two ars and two rays, it is a two-sided ar+ray ontin-
uum (see Fig. 8) with an additional ray winded on it, see Fig. 9:
X˜ =
{
(x, g(x), 0) : x ∈ (0, 1)
}
︸ ︷︷ ︸
ray
∪{0, 1} × [−1, 1]× {0}︸ ︷︷ ︸
two arcs
∪
{
(sin
1
x
, g(sin
1
x
), x) : x ∈ (0, 1]
}
︸ ︷︷ ︸
additional ray
,
where g(x) =
{
sin π
x
, x ∈ (0, 12 ],
sin π1−x , x ∈ (
1
2 , 1)
.
The dynamis of the shift map f˜ is explained in the Theorems 2, 3, 4 and 5.
3. The tools and the method
We shall build homeomorphi images of the inverse limit spae X˜ using only two
simple lemmas 2. and 3. Although they are true in greater generality in order to avoid
unnessary onfusion we assume that from now on X will denote the unit interval
[0, 1], f will be an F2n mapping given by (4), and (X˜, f˜) will be the reversible
extension of (X, f).
At rst let us observe that we an enode a point x˜ = (x0, x1, ...) from X˜ by the
point x0 ∈ X and a sequene T ∈ {0, 1}N suh that n-th index T (n) of T equals to 0
i xn+1 = f
−1
0 (xn). This ode, that is a pair (x0, T ), determines x˜ uniquely beause
x˜ =
(
x0, f
−1
T (0)(x0), f
−1
T (1)
(
f−1
T (0)(x0)
)
, f−1
T (2)
(
f−1
T (1)(f
−1
T (0)(x0))
)
, ...
)
.
In other words, identifying {0, 1}N with Cantor set C, we have dened an injetive
map from X˜ into [0, 1] × C, but we must stress that this map is neither surjetive
nor ontinuous, so in order to get a preise representation of X˜ we need to develop
some new tools. We start with the following
Denition 1. Let T be in {0, 1}N and let x˜ = (x0, x1, ..., xn, ...) ∈ X˜ be suh that
xn+1 = f
−1
T (n)(xn). Then we say that x˜ is of type T , or that T is the type of x˜. We
denote by X˜T ⊂ X˜ the set of all points of type T , and we say that T is admissible
for (X, f) if X˜T is not empty.
The oming next lemma is straightforward. It says that the subsets X˜T are
homoeomorphi to intervals. Loosely speaking these intervals are briks with help
of whih we shall build a homeomorphi image of X˜.
Lemma 2. (Briks) Let T ∈ {0, 1}N. Then the fator mapping
Φ(x0, x1, ...) = x0
is a homeomorphism from X˜T onto Φ(X˜T ) ⊂ [0, 1].
As we already have 'briks' we only need some 'ement' to start our onstrution.
A simple observation that for a positive number x lose to zero, inverse images f−11 (x)
and f−10 (x) are lose to eah other, leads us to the following
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Lemma 3. (Cement) Let x˜0 = (x0, x1, ...) ∈ X˜T be suh that xn = 0 for some
n ∈ N:
x˜0 = (f
n(0), fn−1(0), ..., f(0), 0, ...),
and let T ′ ∈ {0, 1}N be suh that T ′(k) = T (k) for k 6= n, and T ′(n) = 1 6= T (n) = 0.
Then every neighborhood of x˜0 ontains a subset
U˜ = {x˜ = (x′0, x
′
1, ...) ∈ X˜T ′ : x
′
0 ∈ (f
n(0)− ε, fn(0) + ε)} ⊂ X˜T ′
for some ε > 0, that is X˜T ∪ X˜T ′ is onneted topologial subspae of X˜.
Proof. Take a neighborhood V˜ of x˜0 of the form V˜ = {(x′0, x
′
1, ...) ∈ X˜ : |x
′
m−xm| <
ε0} for some ε0 > 0 and m ≥ n. Suh sets generate a base of neighborhoods of x˜0.
Sine for (x′0, x
′
1, ...) ∈ X˜ we have xk = f(xk+1), k ∈ N, and f is ontinuous, there
exists ε1 > 0 suh that
V˜1 = {(x
′
0, x
′
1, ...) ∈ X˜ : |x
′
n+1 − xn+1| < ε1, x
′
k+1 = f
−1
T (k)(x
′
k), for k > n} ⊂ V˜ .
As limh→0 f
−1
1 (h) = ρ = xn+1, there exists ε2 > 0 suh that f
−1
1 (0, ε2) ⊂ (xn+1 −
ε1, xn+1 + ε1), that is V˜2 = {(x′0, x
′
1, ...) ∈ X˜T ′ : 0 < x
′
n < ε2} ⊂ V˜1. By the same
argument used to ensure the existene of ε1 there exists ε > 0 with the property
that V˜3 = {(x′0, x
′
1, ...) ∈ X˜T ′ : |x
′
0 − x0| < ε} ⊂ V˜2. Taking U˜ = V˜3 ends the proof.

Denition 2. Let x˜0, X˜T , X˜T ′ be as in the preeding lemma. We shall say that sets
X˜T and X˜T ′ are onneted in x˜0, and write X˜T ∼ X˜T ′ in x˜0.
If X˜T ∼ X˜T ′ in x˜0 ∈ X˜T , then Φ(x˜0) is an end point of the interval Φ(X˜T ).
In view of the preeding lemma we an 'glue' the intervals Φ(X˜T ) and Φ(X˜
′
T ) into
one, and thus obtain a homeomorphi image of X˜T ∪ X˜T ′ . This is the fat we shall
use frequently and this is the ause that we shall dene homeomorphisms of inverse
limits in an indutive way.
This sheme is espeially fruitful when dealing with the set
X˜1 = {(x0, x1, x2...) ∈ X˜ : lim
n→∞
xn = 1}.
As 1 is a repellent point, it follows that X˜1 is open in X˜ and ould be alternatively
dened as the sum of all sets X˜T for whih almost all indies of T are 1. We shall
show that X˜1 is homeomorphi to a semi-open interval in all ases.
4. Cases one and two: ρ ≥ ρ1
In this setion we desribe the system (X˜, f) assoiated with the F2n mapping f
given by (4), in ase ρ ≥ ρ1, f. Lemma1. First we dene a homeomorphism from
X˜1 onto a semi-open interval (a, 1], see Proposition 1. Then we show that in ase
ρ > ρ1, X˜ is homeomorphi to a losed interval, see Theorem2, and in ase ρ = ρ1,
X˜ is homeomorphi to a subset of R2 pitured on Fig. 3, see Theorem3.
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Let us begin with some notations. We denote by T∞ an element of {0, 1}N
with all entries equal to 0, and by Tn an element of {0, 1}N where Tn(k) = 0 for
k = 0, ..., n− 1, and Tn(k) = 1 for k > n, that is:
T∞ = (0, 0, 0, ...) and Tn = (0, 0, ..., 0︸ ︷︷ ︸
n
, 1, 1, 1...), for n ∈ N.
Let us observe that these are all the types admissible for (X, f) (see Denition 1).
Indeed, if x˜ = (x0, x1, ...) ∈ X˜ is suh that xn+1 = f
−1
1 (xn), for some n ∈ N,
then xk+1 = f
−1
1 (xk) for all k > n, whih follows immediately from the fat that
ρ1 ≤ ρ < xn+1 = f
−1
1 (xn). Thus we have
X˜ =
∞⋃
n=0
X˜Tn ∪ X˜T∞ and X˜1 =
∞⋃
n=0
X˜Tn .
It is not hard to see that Φ(X˜T0) = (0, 1] and Φ(X˜Tn) is the image of [0, ρ1) under
fn−10 for n > 0. By Lemma2, X˜Tn is homeomorphi to the orresponding interval,
that is,
X˜Tn
∼= [fn−10 (0), f
n
0 (0)) for odd n, X˜Tn
∼= (fn0 (0), f
n−1
0 (0)] for even n > 0.
Using Lemma3 one an 'stik' those intervals together into one, beause for k ∈ N
we have
(5) X˜T2k ∼ X˜T2k+1 in (f
2k(0), f2k−1(0), ..., 0, ...) ∈ X˜T2k+1 ,
(6) X˜T2k+1 ∼ X˜T2k+2 in (f
2k+1(0), f2k(0), ..., 0, ...) ∈ X˜T2k+2 ,
f. Denition 2.
Proposition 1. Let (X, f) be as in ase 1 or 2 of the Lemma 1. The mapping
(7) Ψ(x˜) = (−1)nΦ(x˜) + 2
n−1∑
k=1
(−1)kfk(0), for x˜ ∈ X˜Tn ,
is a homeomorphism from X˜1 onto (maybe innite) interval (a, 1] ⊂ (−∞, 1], see
Fig. 2.
Proof. The only item exept the formula (7) left for us to prove is that sets X˜Tn
and X˜Tm where m > n+1 an be separated by open sets in X˜ . To see that take for
instane: V˜1 = {(x0, ...) ∈ X˜1 : xn+1 > ρ1}, and V˜2 = {(x0, ...) ∈ X˜1 : xn+1 < ρ1},
then we have X˜Tn ⊂ V˜1, X˜Tm ⊂ V˜2 and V˜1 ∩ V˜2 = ∅.
We use the mathematial indution method in order to onstrut the homeomor-
phism Ψ : X˜1 → (a, 1], see Fig. 2.
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Dene Ψ on X˜T0 by Ψ = Φ, and on X˜T1 by Ψ = −Φ, then Ψ : X˜T0 ∪ X˜T1 →
(−ρ1, 1] is a homeomorphism, see (5) and Lemma3.
Now, suppose we have onstruted a homeomorphism Ψ from
⋃n−1
k=0 X˜Tk onto
(an−1, 1] for n > 1, where an−1 = 2
∑n−2
k=1 (−1)
kfk0 (0) + (−1)
n−1fn−10 (0).
1) If n is odd, then put Ψ(x˜) = −Φ(x˜) + an−1 + fn−1(0) for x˜ ∈ X˜Tn . Then
Ψ maps
⋃n
k=0 X˜Tk onto (an−1 − (f
n
0 (0) − f
n−1
0 (0)), 1] = (2
∑n−1
k=1 (−1)
kfk0 (0) +
(−1)nfn0 (0), 1] and by (5) it is a homeomorphism. For x˜ ∈ X˜Tn , Ψ(x˜) is given
by (7).
2) If n is even, then put Ψ(x˜) = Φ(x˜)+an−1−fn−1(0) for x˜ ∈ X˜Tn . Then Ψmaps⋃n
k=0 X˜Tk onto (an−1+(f
n
0 (0)−f
n−1
0 (0)), 1] = (2
∑n−1
k=1 (−1)
kfk0 (0)+(−1)
nfn0 (0), 1]
and by (6) it is a homeomorphism. For x˜ ∈ X˜Tn , Ψ(x˜) is given by (7).
In this manner we obtain that Ψ is a homeomorphism from X˜1 =
⋃∞
k=0 X˜Tk onto
the interval (a, 1] ⊂ (−∞, 1] where a = 2
∞∑
n=0
f2n(ρ1)− f
2n+1(ρ1), and the formula
(7) holds.
q
1
q
0
q
−ρ1
q
−2ρ1
...
qq︸ ︷︷ ︸
|fn(0)−fn+1(0)|
q
a
X˜T0
❄
Φ
X˜T1
❄
−Φ
X˜T2
❄
Φ − 2ρ1
X˜Tn
❄
(-1)n
(
Φ− fn−1(0)
)
+an−1
Fig. 2.
Let us notie that if ρ > ρ1, then ω0 is attrative and as ω0 ∈ (0, ρ1), the sequene
{Φ(X˜Tn)}n>0 forms a dereasing family of intervals. We have limn→∞ |Φ(X˜Tn)| = 0
where |A| denotes a diameter of a set A ⊂ [0, 1].
On the other hand, if ρ = ρ1, then Φ(X˜Tn) = [0, ρ) for odd n, and Φ(X˜Tn) = (0, ρ] for
even n > 0, hene |Φ(X˜Tn)| = ρ for all n > 0 and as a onsequeneΨ(X˜1) = (−∞, 1].
4.1. The ase of attrative point ω0: ρ > ρ1
In order to get a omplete homoeomorphi image of the inverse limit spae X˜ we
need to extend the homeomorphism from Proposition 1. onto the remaining part
X˜ \ X˜1 = X˜T∞ of X˜. In ase ρ > ρ1 it is very easy beause by attrativeness of ω0,
X˜T∞ is a singleton {ω˜0} where ω˜0 is the xed point (ω0, ω0, ...) for f˜ .
Theorem 2. Let (X, f) be as in ase one of Lemma 1. Then up to topologial
onjugay X˜ is an interval [0, 1] and f˜ is a monotonely inreasing mapping with
xed points 0 and 1.
Proof. First, let us observe that if X˜ = [0, 1] then, sine f˜ is a homeomorphism of
X˜ with two xed points, it has the desired form. Hene, it sues to show that X˜
is homeomorphi to a losed interval.
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As we have mentioned X˜ \ {ω˜0} = X˜1. By Proposition 1., X˜ \ {ω˜0} is homeo-
morphi to (a, 1]. Thus dening Ψ(ω˜0) = a we obtain a bijetive mapping from X˜
onto [a, 1], and to omplete a task we only need to investigate the neighborhoods of
ω˜0.
For that purpose observe that sets On(ω˜0) = {(x0, ...) ∈ X˜ : xn ∈ (0, ρ)},
n > 0, form a base of neighborhoods of ω˜0. Indeed, by attrativeness of ω0 ∈ (0, ρ),⋂
n∈N f
n(0, ρ) = {ω0} and hene every neighborhood of ω˜0 ontains all On(ω˜0) for
n greater than a ertain N . Furthermore, we have
On(ω˜0) = {ω˜0} ∪
( ∞⋃
k=n
X˜Tk
)
\ {(fn(0), fn−1(0), ..., f(0), 0, ...)}, n > 0,
The form of the mapping Ψ onstruted in Proposition 1. implies that
Ψ(
( ∞⋃
k=n
X˜Tk
)
\ {(fn(0), fn−1(0), ..., f(0), 0, ...)}) = (a, bn) for some bn ∈ (a, 1]
and as Ψ(ω˜0) = a we onlude that Φ is a homeomorphism from X˜ onto [a, 1].
Changing the sale on the real axis we an write X˜ ∼= [0, 1].

4.2. The ase of symmetry of the left hyperbola: ρ = ρ1
Let us assume now that ρ = ρ1, see Lemma1.
Firstly, let us observe that f0 has the form f0(x) =
αx− αρ
γx− α
, x ∈ [0, ρ], and if
we onjugate f with the homeomorphism
h(x) =


(cρ+ d)x
cx+ d
, x ∈ [0, ρ],
x, x ∈ (ρ, 1],
where c = 1
ρ
[1−(1−γ ρ
α
)
1
2 ] and d = (1−γ ρ
α
)
1
2
, then the result mapping g = h◦f ◦h−1
ats as follows: g(x) =
{
ρ− x, x ∈ [0, ρ],
x−ρ
1−ρ , x ∈ (ρ, 1],
. Hene, we may assume that α = −1
and γ = 0, that is
(8) f(x) =


f0(x) = ρ− x, x ∈ [0, ρ],
f1(x) =
x− ρ
1− ρ
, x ∈ (ρ, 1],
Seondly, let us reall that in the ase under onsideration X˜ \ X˜1 = X˜T∞ , and
the mapping Ψ establishes a homeomorphism between X˜1 and (−∞, 1], see Propo-
sition 1.
Thirdly, let us notie that applying Lemma2 to X˜T∞ we see that Φ is a homeo-
morphism from X˜T∞ onto [0, ρ]. Hene dening
(9) Ψ(x˜) = (Φ(x˜),∞), for x˜ ∈ X˜ \ X˜1,
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we onlude thatΨ is a bijetion from X˜ onto (−∞, 1]∪[0, ρ]×{∞}, andΨ establishes
a homeomorphism from X˜ \ X˜1 onto the opy [0, ρ]× {∞} of the interval [0, ρ].
Finally, let us suppose that (−∞, 1]∪ [0, ρ]×{∞} is equipped with the topology
arried over by Ψ from X˜ . Then Ψ beomes a homeomorphism and the system
(X˜, f˜) onjugated by Ψ is desribed in the oming statement. By [·] we denote here
entier funtion.
Theorem 3. Let (X, f) be as in the ase two of the Lemma 1. Then up to topologial
onjugay X˜ onsists of X˜1 = (−∞, 1] and a set X˜ \ X˜1 = [0, ρ] × {∞} naturally
homeomorphi to [0, ρ] where every neighborhood of point (x,∞) ∈ [0, ρ] × {∞}
ontains, for some ε > 0 and N ∈ N, all the intervals
(10) ((−1)nx− 2
[n
2
]
ρ− ε, (−1)nx− 2
[n
2
]
ρ+ ε) ⊂ (−∞, 1], for n > N.
Hene X˜ an be onsidered as a subset of R2 pitured on Fig. 3. Mapping f˜ ats on
X˜ as follows: It is is monotonely inreasing on (−∞, 1] where 1 is its xed point,
namely
f˜(x) =


x− ρ
1− ρ
x ∈ (ρ, 1],
x− ρ, x ∈ (∞, ρ],
and on [0, ρ]×{∞}, f˜ is an involution, that is f˜(x,∞) = (ρ−x,∞), for all (x,∞) ∈
[0, ρ]× {∞}.
Proof. Let (−∞, 1] ∪ [0, ρ] × {∞} be equipped with the topology desribed above.
We show that Ψ : X˜ → (−∞, 1] ∪ [0, ρ]× {∞} is a homeomorphism.
We know that Ψ restrited to X˜1 is a homeomorphism onto (−∞, 1] and restrited
to X˜ \ X1 is a homeomorphism onto [0, ρ]× {∞}. Thus, sine X˜1 is open in X˜, we
only need to investigate neighborhoods of points from X˜ \ X1.
Let x˜0 = (x0, f
−1
0 (x0), x0, f
−1
0 (x0), ...) be in X˜ \ X1. It is obvious that sets
On,ε(x˜0) = {(y0, y1...) ∈ X˜ : y2n ∈ (x0− ε, x0+ ε)}, where n ∈ N, ε > 0, form a base
of neighborhoods of x˜0. For suiently small ε we obtain
On,ε(x˜0) = {(y0, y1...) ∈
∞⋃
k=2n
X˜Tk ∪ X˜T∞ : y0 ∈ (x0 − ε, x0 + ε)},
and thus by (7) we have
Ψ(On,ε(x˜0) ∩ X˜1) =
∞⋃
k=2n
((−1)kx0 − 2
[k
2
]
ρ− ε, (−1)kx0 − 2
[k
2
]
ρ+ ε).
Hene Ψ is a homeomorphism.
The form of the homeomorphism Ψ ◦ f ◦Ψ−1 an be now veried easily. We only
mention that as ρ1 = ρ, the formula (7) simplies to the following one
Ψ(x˜) = (−1)nΦ(x˜)− 2[
n
2
] ρ, for x˜ ∈ X˜Tn .

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Fig. 3. The inverse limit assoiated with ([0, 1], f) in ase f is F21 mapping possessing an
interval of periodi points.
5. Case three: ρ < ρ1
In this setion we desribe the inverse limit spae X˜ and the indued homeomorphism
f˜ in ase ρ < ρ1, f. Lemma1. First we nd all types admissible for (X, f), f.
Denition 1. Then we onstrut a homeomorphism from X˜1 onto a semi-open interval
(a, 1], see Proposition 2. Afterwards we desribe the subset X˜ω0 of X˜ onsisting of
elements with limit point ω0. Namely, we show that X˜ω0 is homeomorphi to an
open interval, see Proposition 3. Finally we gather these fats within Theorems 4
and 5 and obtain a desription of (X˜, f˜) in ases 3a) and 3b) of Lemma1.
Throughout this setion we assume that ρ1 > ρ. Then there are two repellent
xed points ω0, 1, and two periodi points w1, w2 of period two, see Fig. 4, reall
Lemma1. In ase a) the points w1 and w2 are attrative, and in ase b) points from
sets [0, f(ρ1)] \ {w1} and [ρ, ρ1] \ {w2} are of period four.
Let us nd rst all types admissible for (X, f), f. Denition 1.
To this end, let us observe that sine f2(ρ, ρ1) ⊂ (ρ, ρ1), we have ρ < f2(ρ1),
and it follows that f−11 (f
−1
0 (ρ)) > ρ1, and all the more f
−2
1 (ε) > ρ1, for ε > 0.
Thereby, if T (n) = T (n+ 1) = 0 and T (n+ 2) = 1, for some n ∈ N, then we have
T (n+m) = 1 for all m > 1, beause f−11 (f
−2
0 ([0, ρ1])) = f
−1
1 ([f
−1
0 (ρ), ρ]) ⊂ (ρ1, 1).
If T (n) = T (n+ 1) = 1, for some n ∈ N, then T (n+m) = 1 for all m ∈ N beause
f−21 ((0, 1]) ⊂ (ρ1, 1].
Conluding: If T is admissible for (X, f), then we have only the following possi-
bilities:
1) T onsists of 0 and 1 appearing alternately,
2) T onsists of 0 and 1 appearing alternately and starting from some n, T is
onstant,
3) T onsists of 0 and 1 appearing alternately and for some n we have T (n) =
T (n+ 1) = 0 and T (m) = 1 for m > n+ 1.
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From the above it follows that elements of X˜1 are either of type from item 3) or
from item 2) where almost all indies of T are equal 1, f. (11). Similarly the points
from X˜ω0 , that is elements with limit point ω0, are of the type from the item 2)
where starting from some plae all indies of T are equal 0, f. (13). There are only
two types T 1∞ = (1, 0, 1, 0, 1, ...) and T
0
∞ = (0, 1, 0, 1, 0...) whih fall into the item 1).
It is not hard to see that in ase w1 and w2 are attrative, sets X˜T 0∞ , X˜T 1∞ redue to
singletons, and in the ase [0, f(ρ1)] and [ρ, ρ1] are intervals of periodi points. Sets
X˜T 1∞ , X˜T 0∞ are homeomorphi to those intervals. Namely, we have either
Φ(X˜T 0∞) = {w2}, Φ(X˜T 1∞) = {w1} or Φ(X˜T 0∞) = [ρ, ρ1], Φ(X˜T 1∞) = [0, f(ρ1)].
5.1. The set X˜1 of elements with limit point 1
In order to investigate the subset X˜1 of X˜ we provide the following notation
T
(1)
n,k = (
2k︷ ︸︸ ︷
1, 0, 1, ...0, 1, 0, 0, ...0, 0︸ ︷︷ ︸
n
, 1, 1, 1...), for k = 1, ...,
[n
2
]
T
(0)
n,k = (
2k︷ ︸︸ ︷
0, 1, 0, ...1, 0, 1, 0, ...0, 0︸ ︷︷ ︸
n
, 1, 1, 1...), for k = 0, ...,
[n− 1
2
]
where n ∈ N. Within the notation from the previous setion we have Tn = T
(0)
n,0 for
n > 0. In view of the argument from the present setion we have
(11) X˜1 =
⋃
n∈N
1⋃
i=0
[n−1+i2 ]⋃
k=i
X˜
T
(i)
n,k
.
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Simple geometrial onsiderations lead to onlusion that Φ(X˜T0) = (0, 1], Φ(X˜T1) =
[0, ρ1), and for n > 1, i = 0, 1,
Φ(X˜Tn) = [0, ρ1],
Φ(X˜
T
(1)
2n,n
) = f2n−1((ρ, ρ1)), Φ(X˜T (0)2n+1,n
) = f2n((ρ, ρ1)),
Φ(X˜
T
(i)
n,k
) = f2k−i((ρ, ρ1]), for k = i, ...,
[n− 1 + i
2
]
− 1.
By the Lemma2 sets X˜
T
(i)
n,k
are homeomorphi to orresponding intervals.
Let us now introdue an order in the family of sets X˜
T
(i)
n,k
, or equivalently in the
family of types T
(i)
n,k, suh that any two neighboring with respet to this order sets
are onneted in the sense of the Lemma3. For that purpose, we arrange them into
lusters of 4n+ 2 elements.
The zero luster is: T0, T1, (reall that Tn = T
(0)
n,0), and for n > 0 the n-th luster
is
T2n, T
(1)
2n,1, T
(1)
2n,2, ..., T
(1)
2n,n, T
(1)
2n+1,n, T
(1)
2n+1,n−1, ..., T
(1)
2n+1,1,
T2n+1, T
(0)
2n+1,1, T
(0)
2n+1,2, ..., T
(0)
2n+1,n, T
(0)
2n+2,n, T
(0)
2n+2,n−1, ..., T
(0)
2n+2,1.
Then every two types neighboring in the above luster dier from eah other with
exatly one index, and they are onneted in the sense of Lemma3, f. Denition 2.
One an hek that
X˜T2n ∼ X˜T (1)2n,1
in (0, ...) ∈ X˜T2n ;
X˜
T
(i)
2n,k
∼ X˜
T
(i)
2n,k+1
in (f2k−i(ρ1), ..., ρ1, 0, ...) ∈ X˜T (i)2n,k
, for k = i, ...,
[n− 1 + i
2
]
− 1;
X˜
T
(1)
2n,n
∼ X˜
T
(1)
2n+1,n
in (f2n−1(ρ1), ..., ρ1, 0, ...) ∈ X˜T (1)2n+1,n
;
X˜
T
(1)
2n+1,1
∼ X˜T2n+1 in (ρ1, 0, ...) ∈ X˜T2n+1 and X˜T2n+1 ∼ X˜T (0)2n+1,1
in (0, ...) ∈ X˜T2n+1 .
X˜
T
(0)
2n+1,n
∼ X˜
T
(0)
2n+2,n
in (f2n(ρ1), ..., ρ1, 0, ...) ∈ X˜T (0)2n+2,n
;
Moreover the rst set in the n-th luster is onneted with the last one in the (n−1)-
th luster, that is: X˜
T
(0)
2n,1
∼ X˜T2n in (ρ1, 0, ...) ∈ X˜T2n .
Thus we have arranged sets X˜
T
(i)
n,k
in the following way:
X˜T0 , X˜T1 , X˜T2 , X˜T (1)2,1
, X˜
T
(1)
3,1
, X˜T3 , X˜T (0)3,1
, X˜
T
(0)
4,1
, X˜T4 , X˜T (1)4,1
, X˜
T
(1)
4,2
,
X˜
T
(1)
5,2
, X˜
T
(1)
5,1
, X˜T5 , X˜T (0)5,1
, X˜
T
(0)
5,2
, X˜
T
(0)
6,2
, X˜
T
(0)
6,1
, X˜T6 , ...
Let us denote
A0 = X˜T0 , A1 = X˜T1 , A2 = X˜T2 , A3 = X˜T (1)2,1
, A4 = X˜T (1)3,1
, A5 = X˜T3 , ... .
Thereby we have X˜1 =
⋃
n∈NAn. We denote by |Φ(An)| the length of interval
|Φ(An)|, and by dist(Φ(An), x) the distane between set Φ(An) and point x ∈ R.
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Proposition 2. Let (X, f) be as in the ase 3 of the Lemma1. The mapping
(12) Ψ(x˜) = (−1)n
(
Φ(x˜)− dist(Φ(An), 0)
)
−
2[n2 ]∑
k=1
|Φ(Ak)|, for x˜ ∈ An,
is a homeomorphism from X˜1 onto an interval (a, 1] ⊂ (−∞, 1].
Proof. First observe that if |i − j| > 1, then sets Ai = X˜T and Aj = X˜T ′ possess
disjoint open neighborhoods V˜1 and V˜2 in X˜1, that is Ai ⊂ V˜1, Aj ⊂ V˜2, and
V˜1 ∩ V˜2 = ∅. Indeed, as |i − j| > 1, sequene T = T im,k diers from T
′ = T i
′
m′,k′ at
least with two entries, and in view of the disussion from page 94 the only ases we
need to onsider are:
1) If for some n, T (n) = T (n+ 1) = 2 and T ′(n) = T ′(n+ 1) = 1, then we take
V˜1 = {(x0, ...) ∈ X˜1 : xn+2 > ρ1} and V˜2 = {(x0, ...) ∈ X˜1 : xn+2 < ρ1}.
2) If for some n, T (n) = T (n+2) = 2, T (n+1) = T (n+3) = 1, T ′(n) = T ′(n+
1) = T ′(n + 2) = T ′(n + 3) = 1 then we an take V˜1 = {(x0, ...) ∈ X˜1 : xn+3 > ρ}
and V˜2 = {(x0, ...) ∈ X˜1 : xn+3 < ρ}.
Now, using Lemma 3., we an onstrut a homeomorphism Ψ : X˜1 → (−a0, 1].
The reipe: put Ψ(x˜) = Φ(x˜) for x˜ ∈ X˜T0 , Ψ(x˜) = −Φ(x˜) for x˜ ∈ X˜T1 , and
Ψ(x˜) = Φ(x˜) − 2ρ1 for x˜ ∈ X˜T2 then learly Ψ : X˜T0 ∪ X˜T1 ∪ X˜T2 → [−2ρ1, 1] is a
homeomorphism.
Now let n > 2 and suppose we have dened homeomorphi mapping Ψ from⋃n−1
k=0 Ak onto an interval [an−1, 1] or (an−1, 1] (depending on n), where an−1 =
−
∑n−1
k=1 |Φ(Ak)|:
1) If n is even (this is the ase i An = X˜
(i)
Tm,k
where m + k is even) then for
x˜ ∈ An we dene Ψ(x˜) = Φ(x˜)− |Φ(An)| − dist(An, 0).
2) If n is odd (this is the ase i An = X˜
(i)
Tm,k
where m + k is odd), then for
x˜ ∈ An we dene Ψ(x˜) = −Φ(x˜) + dist(An, 0).
It an be easily heked that we obtain in this manner a homeomorphism from⋃n
k=0 Ak onto [−b, 1] or (−b, 1] (depending on n) where b = a+ |Φ(An)|. Hene, the
hypotheses follows.

Remark 1. The homeomorphism from the preeding proposition is onstruted in
the same fashion as the one from the Proposition 1. To see that note that in the
ase onsidered in the latter proposition, f. (7), we have
(−1)n+1dist(Φ(X˜Tn), 0)−
2[n2 ]∑
k=1
|φ(X˜Tk)| = 2
n−1∑
k=1
(−1)kfk(0).
In order to better understand the ation of homeomorphism (12) let us denote
by dn, n > 0, the length of the interval f
n((ρ, ρ1]), and by d0 the length of [0, ρ1],
that is
dn = |f
n(ρ)− fn(ρ1)|, for n > 0, and d0 = ρ1.
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We reall that we split the sequene {Ak}k∈N into lusters of 4n+ 2 elements:
A0, A1; A2, ..., A7; A8, ..., A17; ... ; A2n2 , ..., A2n2+4n+1; ... .
Then for the n-th suh luster, n > 0, we have
|Φ(A2n2)| = |Φ(A2n2+2n+1)| = d0,
|Φ(A2n2+k)| = |Φ(A2n2+2n−k+1)| = |Φ(A2n2+2n+k+1)| = |Φ(A2n2+4n−k+2)| = dk,
where k = 1, ..., n and the piture is as follows
q q︸ ︷︷ ︸
d1
q︸ ︷︷ ︸
d0
q︸ ︷︷ ︸
d1
q︸ ︷︷ ︸
d0
q︸ ︷︷ ︸
d1
q
a
q︸ ︷︷ ︸
d0
q
0 1
X˜T0
❄
Φ
X˜
T
(1)
2,1
❄
-Φ-2ρ1
X˜T2
❄
Φ-2ρ1
X˜T1
❄
-Φ
X˜
T
(1)
3,1
❄
Φ-2ρ1-2f(ρ1)
X˜T3
❄
-Φ-2ρ1-2f(ρ1)
X˜
T
(0)
3,1
❄
Φ-3ρ1-2f(ρ1)-f
2(ρ1)
Fig. 5.
5.2. The set X˜ω0 of elements with limit point ω0
In this subsetion we examine the set X˜ω0 onsisting of elements x˜ = (x0, ...) for
whih ω0 is an aumulation point. Namely,
X˜ω0 = {x˜ ∈ X˜ : lim
n→∞
xn = ω0}.
In view of the earlier disussion (see page 87), X˜ω0 is the sum of sets of the form
X˜T where almost all indies of T are equal 1. More preisely, if we denote
T 1k = (1, 0, 1, ...0, 1, 0︸ ︷︷ ︸
2k
, 0, 0, 0, ...), T 0k = (0, 1, 0, ...1, 0, 1︸ ︷︷ ︸
2k
, 0, 0, 0...),
(we reall that T∞ = (0, 0, 0, ....), T
1
∞ = (1, 0, 1, 0, 1, ...), T
0
∞ = (0, 1, 0, 1, 0...)), then
we have
X˜ \ X˜1 =
1⋃
i=0
∞⋃
k=1
X˜T i
k
∪ X˜T i∞ ∪ X˜T∞ ,
and obviously
(13) X˜ω0 =
1⋃
i=0
∞⋃
k=1
X˜T i
k
∪ X˜T∞ , and X˜ \ X˜1 = X˜ω0 ∪ X˜T 0∞ ∪ X˜T 1∞ .
As our aim at the moment is a desription of X˜ω0 let us notie that
Φ(X˜T∞) = [0, ρ1], Φ(X˜T i
k
) = f2k−i(ρ, ρ1].
Hene |Φ(X˜T∞)| = d0 and |Φ(X˜T i
k
)| = d2k−i (see the previous subsetion), and we
have the following
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Proposition 3. Let (X, f) be as in the ase 3 of the Lemma1. The mapping Θ
dened as follows
Θ(x˜) = Φ(x˜), for x˜ ∈ X˜T∞ ,
(14) Θ(x˜) = (−1)nΦ(x˜) + 2
n−1∑
k=i−1
(−1)kf2k−i(ρ1), for x˜ ∈ X˜T in ,
is a homeomorphism from X˜ω0 onto an interval (a∞, b∞) ⊂ (−∞,+∞).
Moreover, the onjugated mapping Θ ◦ f˜ ◦ Θ−1 is a dereasing homeomorphism of
(a∞, b∞) suh that interval of length d0, marked on Fig. 6, is mapped onto itself
and interval of length d1; interval of length d2n, n > 0, is mapped onto interval of
length d2n+1, and interval of length d2n−1 is mapped onto interval of length d2n. The
unique xed point of this mapping is ω0.
q q︸ ︷︷ ︸
d0
q︸ ︷︷ ︸
d2
q︸ ︷︷ ︸
d1
q︸ ︷︷ ︸
d3
q︸ ︷︷ ︸
d4
q
a∞
q
b∞0 ρ1
X˜T∞
❄
Φ
X˜T 01
❄
-Φ+2ρ1
X˜T 02
❄
Φ+2ρ1-2f
2(ρ1)
X˜T 11
❄
-Φ
X˜T 12
❄
Φ-2f(ρ1)
Fig. 6.
Proof. As [0, f(ρ1)] ∩ [ρ, ρ1] = ∅ we onlude that for all k, l ∈ N sets X˜T 0
k
and X˜T 1
l
an be separated by open sets in X˜. Now, we show that sets X˜T i
k
and X˜T i
l
, i = 0, 1,
suh that |k − l| > 1 also possess disjoint open neighborhoods.
We may assume that k > l. The ondition k − l > 1 implies that there exists
n ∈ N suh that T ik(n) = T
i
k(n + 2) = 2, T
i
k(n + 1) = 1, and T
i
l (n) = T
i
l (n + 1) =
T il (n+ 2) = 1. Then it is easy to see that
X˜T i
k
⊂ {(x0, ...) ∈ X˜ : xn + 3 ∈ (ρ, ρ1]},
X˜T i
l
⊂ {(x0, ...) ∈ X˜ : xn + 3 ∈ [0, f
−2
1 (ρ)]}.
Sine ω0 is repellent f
−2
1 (ρ) < ρ. Thus taking q suh that f
−2
1 (ρ) < q < ρ and
setting
V˜1 = {(x0, ...) ∈ X˜ : xn + 3 > q}, V˜2 = {(x0, ...) ∈ X˜ : xn + 3 < q}
we prove our laim.
In the same manner one an prove that X˜T∞ and X˜T i
k
for k > 1 an also be
separated by open sets.
Applying the Lemma3 we obtain that the remaining pairs of sets, that is: X˜T∞ ,
X˜T i1 , and X˜T ik
, X˜T i
k+1
, annot be separated, beause
(0, ...) ∈ X˜T∞ , and (f
2k−i(ρ1), ..., ρ1, 0, ...) ∈ X˜T i
k
.
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Now, similarly as in proofs of Propositions 2 and 3, in view of Lemmas 2 and 3 one
easily heks that formula (14) denes a homeomorphism, f. Fig.6.
It is obvious that homeomorphism f˜ preserves X˜ω0 . Furthermore we have
f˜(X˜T∞) = X˜T∞ ∪ X˜T 11 , f˜(X˜T 0n) = X˜T 1n+1, f˜(X˜T 1n) = X˜T 0n ,
and f˜(ω0, ω0, ...) = (ω0, ω0, ...) ∈ X˜T∞ . From this the hypotheses follows.

5.3. The ase of attrative yle of period two
For eah n > 0, the point w1 lies in f
2n−1((ρ, ρ1]) and the point w2 lies in f
2n((ρ, ρ1]).
Hene, in ase w1 and w2 form an attrative yle we have
d1 > d3 > d5 > ... , d2 > d4 > d6 > ... , and lim
n→∞
dn = 0.
It follows that X˜T i∞ = {w˜2−i}, i = 0, 1, where w˜1 = (w1, w2, w1, ...) and w˜2 =
(w2, w1, w2, ...). In other words X˜ \ X˜1 = X˜ω0 ∪ {w˜1, w˜2} and thus we an easily
prolong the homeomorphism from the Proposition 3 to the set X˜ \ X˜1.
Proposition 4. Let (X, f) be as in the ase 3a) of the Lemma 1, and let Θ be the
mapping from Proposition 3. If we dene
Θ(w˜1) = a∞, and Θ(w˜2) = b∞,
then Θ is a homeomorphism from X˜ \ X˜1 onto the losed interval [a∞, b∞] ⊂
[−∞,+∞].
Proof. We shall onsider only the point w˜1, an argumentation onerning the point
w˜2 is similar.
It is lear that sets On(w˜1) = {(x0, ...) ∈ X˜ \ X˜1 : x2n−1 ∈ (ρ, ρ1)}, n > 0, form a
base of neighborhoods of w˜1 in X˜ \ X˜1. Furthermore, we have
On(w˜1) = {w˜1} ∪
( ∞⋃
k=n
X˜T 1
k
)
\ {(f2n−1(ρ1), ..., ρ1, 0, ...)} n > 0,
Now, it is enough to notie that
Θ
(
On(w˜1) \ {w˜1}
)
= (a∞,−
n−1∑
k=1
d2k−1).
Thus puting Θ(w˜1) = a∞ we obtain a homeomorphism from X˜ω0 ∪ {w˜1} onto
[a∞, b∞).

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In view of Proposition 4 the mapping Ψ from Proposition 12 an be extended to
as at bijetively from X˜ onto (a, 1] ∪ [a∞, b∞]× {∞} where
Ψ(x˜) = (Θ(x˜),∞), x˜ ∈ X˜ \ X˜1.
Thus the only thing left for us to do is to establish the topology on (a, 1]∪ [a∞, b∞]×
{∞} inherited from X˜ by Ψ, and the ation of the onjugated mapping Ψ ◦ f˜ ◦Ψ−1.
Theorem 4. Let (X, f) be as in ase three a) of Lemma1. Then up to topologial
onjugay
X˜ = (a, 1] ∪ [a∞, b∞]× {∞},
where the interval (a, 1] is open in X˜, and set [a∞, b∞]×{∞} is naturally homeomor-
phi to the losed interval [a∞, b∞], see Fig. 7. A base of neighborhoods {ON,ε(x,∞)}N,ε>0
of a point (x,∞) in [a∞, b∞]× {∞} is desribed as follows:
1) If x ∈ (a∞, b∞), then ON,ε(x,∞) onsists of the set {(y,∞) : y ∈ (x−ε, x+ε)}
and intervals (xn,± − ε, xn,± + ε) ⊂ (a, 1] for n > N , where
(15) xn,+ = x−
(
2nd0 + 2
n−1∑
k=1
(n− k)(d2k−1 + d2k)
)
,
(16) xn,− = −x−
(
2nd0 + 2
n−1∑
k=1
(n− k)(d2k−1 + d2k) + 2
n∑
k=1
d2k−1
)
.
2) If x = a∞, then ON,ε(a∞,∞) ontains a set DN,w1 onsisting of points of the
form (−1)nw1 + 2
∑n−1
k=1 (−1)
kf2k−1(ρ1), for all n > N , and
ON,ε(a∞,∞) =
⋃
y∈DN,w1
ON,ε(y,∞) ∪ {(a∞,∞)}.
3) If x = b∞, then ON,ε(a∞,∞) ontains a set DN,w2 onsisting of points of the
form (−1)nw2 + 2
∑n−1
k=0 (−1)
kf2k(ρ1), for all n > N , and
ON,ε(b∞,∞) =
⋃
y∈DN,w2
ON,ε(y,∞) ∪ {(b∞,∞)}.
Moreover, the indued homeomorphism f˜ ats as follows:
a) It maps interval [a∞, b∞]× {∞} onto itself in suh a manner that interval of
length d0, marked on Fig.7, is mapped onto sum of intervals of length d0 and d1;
interval of length d2n, n > 0, is mapped onto interval of length d2n+1, and interval
of length d2n−1 is mapped onto interval of length d2n. There is a xed point (ω0,∞)
and a yle {(a,∞), (b,∞)} of period two.
b) It is an inreasing bijetion of (a, 1] onto itself with xed point 1: f˜ maps (0, 1]
onto (−d0, 1], and then (looking from right  see Fig. 7) f˜ maps every limb onto
the next desent and every desent onto the next limb. It maps interval of
length d2n, n > 0, onto interval of length d2n+1, and interval of length d2n−1 onto
interval of length d2n.
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Fig. 7.
The inverse limit assoiated with ([0, 1], f) in ase f is F21 mapping
possessing an attrative yle of period two.
Proof. In view of Propositions 4 and 12, to desribe the topology on X˜ we only
need to onsider neighborhoods of a point (x,∞) ∈ [a∞, b∞] × {∞}. We have the
following ases:
1) x ∈ (a∞, b∞). We assume that x < 0, the ase x ≥ 0 is similar. Then
x belongs to [−
∑Nx
k=1 d2k−1,−
∑Nx−1
k=1 d2k−1), for some Nx ∈ N, and there exists
x˜ = (x0, x1, ...) ∈ X˜T 1
Nx
suh that Θ(x˜) = x (x0 = x).
Consider the base of neighborhoods {ON,ǫ(x˜)}N>2Nx,ǫ>0 of the point x˜ = (x0, x1, ...)
where
ON,ǫ(x˜) = {(y0, y1, ...) ∈ X˜ : y2Nx−1 ∈ (ρ, 1), |yN − xN | < ǫ}.
For eah pair (N, ǫ) there exists ε > 0 suh that (x0−ε, x0+ε) ⊂ fN (xN−ǫ, xN+ǫ),
and then VN,ε(x˜) = {(y0, y1, ...) ∈ ON,ǫ(x˜) : |x0 − y0| < ε} is open neighborhood of
x˜ and VN,ε(x˜) (for suiently small ǫ) has the following form
VN,ε(x˜) = {(y0, y1, ...) ∈
∞⋃
n=N
X˜
T
(1)
n,N
∪ X˜T 1
Nx
: y0 ∈ (x0 − ε, x0 + ε)} ⊂ ON,ǫ(x˜).
Mapping Ψ arries points y˜n,− = (x0, ...) ∈ X˜T (1)2n,N
and y˜n,+ = (x0, ...) ∈
X˜
T
(1)
2n+1,N
into the points xn,− and xn,+ given by (15),(16), f. Proposition 3, and
Ψ({y˜ ∈ X˜T 1
Nx
: y0 ∈ (x0 − ε, x0 + ε)}) = {(y,∞) : y ∈ (x− ε, x+ ε)}.
Hene Ψ(VN,ε(x˜)) = ON,ε(x,∞) and the hypotheses of the item 1) follows.
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2) x = a∞. Then Ψ(w˜1) = (x,∞). Consider the base of neighborhoods
{ON,ǫ(w˜1)}N,ǫ>0 of w˜1 = (w1, w2, w1, ...) where
ON,ǫ(w˜1) = {(y0, y1, ...) ∈ X˜ : y2N ∈ (w1 − ǫ, w1 + ǫ)}.
For eah pair (N, ǫ) there exists ε > 0 suh that (w1−ε, w1+ε) ⊂ f2N (w1−ǫ, w1+ǫ),
and then VN,ε(w˜1) = {(y0, y1, ...) ∈ ON,ǫ(w˜1) : |ω1 − y0| < ε} is open neighborhood
of w˜1 and VN,ε(w˜1) (for suiently small ǫ) has the following form
VN,ε(w˜1) = {(y0, y1, ...) ∈
∞⋃
n=2N
X˜
T
(1)
n,N
∪ X˜T 1n ∪ X˜T 1∞ : y0 ∈ (w1 − ε, w1 + ε)}.
In an analogous fashion as in the proof of the item 1) we onlude that the image
of VN,ε(w˜1) under Ψ is ON,ε(a∞,∞) and the hypotheses of the item 2) follows.
3) x = b∞. The proof is analogous to the proof of the item 2) and hene omitted.
The item a) follows immediately from Propositions 3., 4. and fat that f˜(w˜1) =
w˜2, f˜(w˜2) = w˜1.
To show up item b) we notie that f˜(X˜T0) = X˜T0 ∪ X˜T1 and
f˜(X˜Tn) = X˜Tn ∪ X˜T (1)
n+1,1
, f˜(X˜
T
(1)
n,k
) = X˜
T
(0)
n+1,k
, f˜(X˜
T
(0)
n,k
) = X˜
T
(1)
n+1,k+1
,
for n > 0, and k = 1, ...,
[
n−1+i
2
]
. In view of the form of the homeomorphism
onstruted in subsetion 3.1 the hypotheses now easily follows.

5.4. The ase of two intervals of periodi points
In the ase 3b) from the Lemma1 the points from sets [0, f(ρ1)] \ {w1} and [ρ, ρ1] \
{w2} are periodi points of period four and set {w1, w2} forms a yle of period two.
Then we have
d1 = d3 = d5 = ... = f(ρ1) , d2 = d4 = d6 = ... = ρ1 − ρ and
Φ(X˜T 1∞) = [0, f(ρ1)], Φ(X˜T 0∞) = [ρ, ρ1].
Thus in Proposition 3 we have a∞ = −∞ and b∞ = +∞. We prolong now the
homeomorphism from the Proposition 3 to as at from the set X˜ \ X˜1 = X˜ω0 ∪
X˜T 0∞ ∪ X˜T 1∞ onto a ertain topologial spae, f. Proposition 4.
Proposition 5. Let (X, f) be as in ase 3b) in Lemma1, and let Θ be the mapping
from Proposition 3. If we dene
Θ(x˜) = (Φ(x˜),−∞), for x˜ ∈ X˜T 1∞ and Θ(x˜) = (Φ(x˜),+∞), for x˜ ∈ X˜T 0∞ ,
then Θ is a homeomorphism from X˜ \ X˜1 onto a topologial spae
[0, f(ρ1)]× {−∞} ∪ (−∞,+∞) ∪ [ρ, ρ1]× {+∞}
onsisting of the real axis and two losed subsets homeomorphi to losed intervals
(see Fig. 8). The base of neighborhoods {ON,ε(x,±∞)}N,ε>0 of a point (x,±∞) is
desribed as follows:
Inverse limit systems assoiated with F2n zero shwarzian unimodal maps 103
1) ON,ε(x,−∞) onsists of the set {(y,−∞) : y ∈ (x−ε, x+ε)∩[0, d1]} and intervals,
for all n > N ,
(17) ((−1)nx− 2
[n
2
]
d1 − ε, (−1)
nx− 2
[n
2
]
d1 + ε) ⊂ (−∞, 0).
2) ON,ε(x,−∞) onsists of the set {(y,+∞) : y ∈ (x−ε, x+ε)∩[0, d2]} and intervals,
for all n > N ,
((−1)n+1(x− ρ) + 2
[n
2
]
d2 + ρ− ε, (−1)
n+1(x− ρ) + 2
[n
2
]
d2 + ρ+ ε) ⊂ (ρ,+∞).
The onjugated mapping Θ ◦ f˜ ◦ Θ−1 is a dereasing homeomorphism of (a∞, b∞)
suh that for all n > 0, (−nd1,−(n− 1)d1) is mapped onto (ρ+ nd2, ρ+ (n+ 1)d2)
and (ρ+nd2, ρ+(n+1)d2) is mapped onto (−(n+1)d1,−nd1), f. Fig. 8. Moreover
we have
Θ ◦ f˜ ◦Θ−1(x,±∞) = (f(x),∓∞),
that is [0, f(ρ1)] × {−∞} and [ρ, ρ1] × {+∞} are intervals of periodi points with
period four.
q
ρ
ρ1 = ρ + d2
q
ρ+2d2
q
ρ+3d2
q
q
(ρ,+∞)
q
(ρ1,+∞)
q
0
q
-d1
q
-2d1
q
-3d1
q
(0,−∞)
q
(f(ρ1),−∞)
Fig. 8.
The subspae X˜ \ X˜1 of the inverse limit assoiated with ([0, 1], f)
in ase f is F22 mapping.
Proof. We shall only onsider the neighborhoods from the item 1), the part of proof
onerning the item 2) is similar.
Let x˜ = (x0, x1, ...) ∈ X˜T 1∞ be suh that Φ(x˜) = x, that is x0 = x. The sets
ON,ε(x˜) = {(y0, ...) ∈ X˜ \ X˜1 : y4n ∈ (x4n − ε, x4n + ε) ∩ (0, f(ρ1))} form a base
of neighborhoods of x˜ in X˜ \ X˜1. As (0, f(ρ1)) onsists of periodi points of period
four we have
ON,ε(x˜) = {(y0, y1, ...) ∈
∞⋃
k=N
X˜T 1
k
∪ X˜T 1∞ : y0 ∈ (x0 − ε, x0 + ε)}.
It is lear that
Θ({(y0, ...) ∈ X˜T 1∞ : |x0 − y0| < ε}) = {(y,−∞) : |x− y| < ε, y ∈ [0, d1]}.
For eah point y˜ = (y0, y1, ...) ∈ X˜T 1n suh that y0 = x0 = x we have by formula
(14) that Θ(y˜) = (−1)nx + 2
∑n−1
k=1 (−1)
kf2k−1(ρ1) = (−1)nx − 2[
n
2 ]d1. Thus we
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have Θ(ON,ε(x˜)) = ON,ε(x,−∞), that is Θ is a homeomorphism from X˜ω0 ∪ X˜T 1∞
onto [0, f(ρ1)] × {−∞} ∪ (−∞,+∞). By the same argumentation onerning now
elements from X˜T 0∞ one gets Θ as a homeomorphism ating on X˜ \ X˜1.
The form of the onjugated mapping follows from Proposition 3. and from the fat
that f˜ maps interval [0, f(ρ1)] onto [ρ, ρ1].

We are now in a position to desribe homeomorphi image of X˜ in the ase
3b) from the Lemma1. By virtue of the Proposition 3 the mapping Ψ from the
Proposition 12 an be extended to as at bijetively from X˜ onto [0, f(ρ1)]×{−∞}∪
R× {∞} ∪ [ρ, ρ1]× {+∞}∪ (−∞, 1] where
Ψ(x˜) = (Θ(x˜),∞), x˜ ∈ X˜ω0 , Ψ(x˜) = Θ(x˜), x˜ ∈ X˜T i∞ .
Let us desribe now in detaile the topology on
(
[0, f(ρ1)]× {−∞}
)
∪
(
R×{∞}
)
∪(
[ρ, ρ1]× {+∞}
)
∪ (−∞, 1] inherited from X˜ .
Theorem 5. Let (X, f) be as in the ase three b) of the Lemma1. Then up to
topologial onjugay
X˜ =
(
[0, f(ρ1)]× {−∞}
)
︸ ︷︷ ︸
X˜
T1∞
∪
(
R× {∞}
)
︸ ︷︷ ︸
X˜ω0
∪
(
[ρ, ρ1]× {+∞}
)
︸ ︷︷ ︸
X˜
T2∞
∪ (−∞, 1]︸ ︷︷ ︸
X˜1
,
where the topology on X˜ is desribed as follows (see Fig. 9):
0) The interval (−∞, 1] is open in X˜.
1) A point (x,∞) in R × {∞} has a base of neighborhoods {ON,ε(x,∞)}N,ε>0
where ON,ε(x,∞) onsists of the set {(y,∞) : y ∈ (x − ε, x + ε)} and all intervals
(xn,± − ε, xn,± + ε) for n > N , where
(18) xn,+ = x−
(
2nd0 + n(n− 1)(d1 + d2)
)
,
(19) xn,− = −x−
(
2nd0 + n
2d1 + n(n− 1)d2)
)
.
2) A point (x,−∞) in [0, f(ρ1)]×{−∞} has a base of neighborhoods {ON,ε(x,−∞)}N,ε>0
where ON,ε(x,−∞) onsists of the set {(y,−∞) : y ∈ (x− ε, x+ ε)∩ [0, d1]} and the
sum
∞⋃
n=N
On,ε
(
(−1)nx− 2
[n
2
]
d1,∞
)
.
3) A point (x,+∞) in [ρ, ρ1]×{+∞} possess a base of neighborhoods {ON,ε(x,+∞)}N,ε>0
where ON,ε(x,+∞) onsists of the set {(y,+∞) : y ∈ (x− ε, x+ ε)∩ [ρ, ρ1]} and the
sum
∞⋃
n=N
On,ε
(
(−1)n+1(x− ρ) + 2
[n
2
]
d2 + ρ,∞
)
.
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Moreover, the indued homeomorphism f˜ ats as follows:
a) It is a dereasing bijetion of (a, 1] onto itself with xed point 1, see Fig. 8, f.
Theorem 4.
b) It is a dereasing bijetion of (a∞, b∞) × {∞} onto itself with xed point
(ω0,∞), f. Proposition 5.
) It maps [0, f(ρ1)] × {−∞} onto [ρ, ρ1] × {+∞} and vie versa. Furthermore
we have
f˜(x,±∞) = (f(x),∓∞),
that is [0, f(ρ1)] × {−∞} and [ρ, ρ1] × {+∞} are intervals of periodi points with
period four, and {(w1,−∞), (w2,+∞)} is a yle of period two.
Proof. In view of Propositions 5 and 12, we only need to onsider neighborhoods of
points: (x,∞) ∈ R × {∞}, (x,−∞) ∈ [0, f(ρ1)] × {−∞} and (x,+∞) ∈ [ρ, ρ1] ×
{+∞}:
1) Let (x,∞) ∈ R×{∞}. We arrive at the hypotheses by the same argumentation
as in the proof of the item 1) from Theorem4. Reall that d1 = d3 = d5 = ..., and
d2 = d4 = d6 = ..., hene formulas (15) and (16) redue to (18) and (19).
2) If (x,−∞) ∈ [0, f(ρ1)]× {−∞}, then there exists x˜ ∈ X˜T 1∞ suh that Ψ(x) =
(x,∞). Hene x˜ = (x0, x1, x2, ...) where xn = xn+4 for all n ∈ N.
Consider a base of neighborhoods {ON,ǫ(x˜)}N>0 where
ON,ǫ(x˜) = {(y0, y1, ...) ∈ X˜ : y4N ∈ (x0 − ǫ, x0 + ǫ)}.
For eah pair (N, ǫ) there exists ε > 0 suh that (x0−ε, x0+ε)∩[0, f(ρ1)] is ontained
in f4N (x0 − ǫ, x0 + ǫ). Then ON,ǫ(x˜) ontains the open set VN,ε(x˜) = {(y0, y1, ...) ∈
ON,ǫ(x˜) : y0 ∈ (x0 − ε, x0 + ε) ∩ [0, f(ρ1)]} and we have
VN,ε(x˜) = {(y0, ...) ∈
∞⋃
n=4N
X˜
T
(1)
n,N
∪ X˜T 1n ∪ X˜T 1∞ : y0 ∈ (x0 − ε, x0 + ε) ∩ [0, f(ρ1)]}.
In view of the form of homeomorphisms from Propositions 12, 5 one an see that
Ψ(VN,ε(x˜)) = ON,ε(x,−∞) and the hypotheses of the item 2) follows.
3) Let (x,+∞) ∈ [ρ, ρ1]×{+∞}. The proof is similar to the proof of the item 2)
and hene it is omitted.
The form of the indued homeomorphism f˜ follows from Propositions 2 and 5.

6. The C∗-algebrai ontext
In [13℄ the author and his o-author ame aross the onstrution disussed in this
paper while investigating the spetrum of a ertain ommutative C∗-algebra, see
also [14℄. For the sake of ompletness we inlude a brief disussion onerning this
ontext.
Let us onsider a unitary operator U and a unital ommutative C∗-algebra A
ating nondegenerately on some Hilbert spae H. Moreover, let us assume that
UAU∗ ⊂ A but U∗AU * A.
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Fig. 9.
The inverse limit spae X˜ assoiated with ([0, 1], f) in ase f is F22 mapping
possessing two intervals of periodi points. The projetion of X˜ onto the plain
Oxy is visualized on Figure 8, and the projetion of X˜ onto the plain Ozx is
visualized on Figure 7.
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Then the mapping δ given by
δ(a) = UaU∗, a ∈ A,
is a unital injetive endomorphism of the C∗-algebra A, but not an automorphism (δ
is not surjetive). Suppose now we would like to investigate the C∗-algebra C∗(A, U)
generated by A and U . If δ was an automorphism the algebra C∗(A, U) would have
the struture of the rossed-produt A⋊δ Z, and suh objets are very well studied.
However, we may redue the ase under onsideration to the above one by passing
to a bigger C∗-algebra A˜ generated by
⋃
n∈N U
∗nAUn:
A˜ = C∗(
⋃
n∈N
U∗nAUn).
Indeed, f. [12℄, then A˜ is a ommutative C∗-algebra satisfying the following
relations
UA˜U∗ = A˜ and U∗A˜U = A˜.
In other words mapping δ(·) = U(·)U∗ is an automorphism of A˜ and thus the algebra
C∗(A, U) = C∗(A˜, U) has the struture of the rossed produt A˜⋊δ Z. The algebra
A˜ is alled a oeient algebra [12℄, [13℄, [14℄ as their elements play the role of
oeients in C∗(A, U) = C∗(A˜, U).
The question now is how the pair (A˜, δ) is related to the pair (A, δ). The answer
may be given in purely topologial terms.
Let X be the maximal ideal spae of A. We reall that X (also alled the
spetrum of A) is a ompat topologial spae, and A is isomorphi to the algebra
C(X) of ontinuous omplex funtions on X . Analogously, let X˜ be the spetrum
of A˜, that is A˜ ∼= C(X˜).
By duality it follows that δ generates on X a ontinuous surjetive, but not
injetive mapping f : X → X , and on X˜ a homeomorphism f˜ : X˜ → X˜ . Thus the
pairs (A, δ) and (A˜, δ) are determined by systems (X, f) and (X˜, f˜) respetively,
and we may reformulate our question in the following way:
How is the system (X˜, f˜) related to the system (X, f)?
The results of [13℄, [14℄ give answer to this questions: The spae X˜ is an inverse
limit of the inverse sequene X
f
←− X
f
←− ..., and f˜ is the shift map indued
by f . In partiular, inverse limit spaes arise as spetra of oeient algebras for
rossed-produts.
We note that the results of [13℄ onern more general situation than the one
desribed above and as a onsequene they ontribute to the denitions of the spae
X˜ and the mapping f˜ whih generalize the inverse limit spae (2) and the indued
homeomorphism (3) to the ase f is not neessarily a surjetive full map, see [14℄.
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GRANICE ODWROTNE ZWIZANE Z UNIMODALNYM
ODWZORWANIEM TYPU F2n Z ZEROWYM SZWARCJANEM
S t r e s z  z e n i e
Praa zawiera przykªad jawnego opisu graniy odwrotnej X˜ i jej indukowanego homeo-
morzmu f˜ przy jednym odwzorowaniu wi¡»¡ym f , gdzie f jest unimodalnym przeksztaª-
eniem odinka, którego wykres skªada si z dwóh hiperbol. Przykªad ten obrazuje zmian
topologii X˜ i dynamiki f˜ wraz ze zmian¡ dynamiki f .
Ponadto praa zawiera krótki opis zastosowania systemów typu (X˜, f˜) w teorii produk-
tów krzy»owyh C∗-algebr.
